A weak spring is connected at one end to a rotor turning at constant angular velocity. The spring extends to a stretched length as determined by the spring mass, rest length, spring constant, rotor radius and rotor angular velocity. When released from the rotor, the inner end of the spring pulls away as expected, causing a wave to travel down the spring as it collapses. During this time interval, the outer end of the spring continues to move along its original circular path in uniform circular motion, as if the spring were still connected to the rotor. This is analogous to the effect of a hanging Slinky released from rest whose bottom end remains at a fixed position above the ground until a wave from the top of the Slinky reaches the bottom of the Slinky. Values from a numerical model and measurements from video analysis show that upon release the inner end travels along a circle of similar radius as the outer end. The effect appears as a series of alternating semi-circles.
a circle with one end free, the free end extends outward due to its own inertia or, expressed in terms of a rotating reference frame, the action of centrifugal force. Given sufficient time for initial oscillations to dampen, the free end travels in uniform circular motion. If the inner end of the spring is released, we expect the free end to continue in uniform circular motion as before, until such time as a wave propagates from the inner end to the outer.
To test this hypothesis, we use a custom-built turntable shown in Fig. 1 that has a hold-and-release mechanism. The turntable has a maximum angular speed, unloaded, of 270 revolutions per minute. A tall rectangular box sitting atop the turntable contains a horizontal bar into which 0.25 inch pins may be affixed, at distances from 2 cm to 24 cm from the axis, in 2-cm increments, on both sides of the axis. For this experiment only one pin was used, positioned 24 cm from the turntable axis, onto which one end of the subject spring is hooked. When the bar is manually raised, a strong internal spring is compressed and the bar is latched. When the turntable is rotating, a signal from an infrared remote control triggers a servo which trips the latch. The bar drops, retracting the pin and releasing the inner end of the whirling spring. We generally refer to the apparatus holding the spring as the rotor. An excellent video 5 demonstrating the device will help the reader to better visualize the process.
Experimental data were collected in the form of high-speed (300 fps and 600 fps) video recorded from a position 8.4 m above the floor on which the turntable was sitting. Videos were analyzed using the free, open-source video analysis software Tracker 6, 7 . The inner end of the spring is held near the top of the pin, 41.8 cm above the floor, so the rotating spring can droop due to gravity up to 41.8 cm from the horizontal plane without the free end touching the floor. For low-stiffness springs like a Slinky, the apparatus is set on a table to allow a larger droop of the spring without touching the floor.
Two springs are used for this experiment. One is a standard PASCO spring with a spring constant of 3.28 N/m. The second is a thin Slinky chosen for its low spring constant of 0.38 N/m.
II. QUASI-STATIC THEORY
The motion of a spinning spring in the absence of air resistance and gravity will first be solved analytically. The result is needed for the simulation discussed later. The spring will be modeled as a series of point masses connected by short massless springs (Fig 2) .
The spring has a rest length L o , and each point mass is separated at regular intervals. A coordinate system placed along the spring is labeled x and each mass is located at positions,
.. and so on up to the final mass at x n . For an unstretched spring, the separation between any two adjacent masses, x i -x i−1 , is constant and is labeled ∆x.
Each spring between adjacent masses will have a spring constant k given by
where K is the spring constant for the whole spring. Each mass has a value of 
where M is the total mass of the spring.
When the spring is connected to a rotor rotating with an angular velocity ω, it stretches out to a new length. The axis of rotation is labeled z. In the rotating reference frame, each mass has a spring force acting to its right and left as well as the fictitious centrifugal force to the right. The masses are located on a coordinate system labeled r, and the displacement of a mass from its rest position is u (Fig. 3) . Summing the forces on a point mass gives
Keep in mind that the mass attached to the rotor cannot move before release and is labeled r o .
The equation for the final mass (i = n) is different because it is pulled by only one spring and the rest length of the spring is not canceled out by the rest length of a second spring.
The above equations can be generalized for a continuous system to give a differential equation for the initial state of the spring in the rotating system. Its solution can be used to find the stretched length of the spring as a function of position and angular velocity ω.
From Fig. 3 , r = u + x + r o . So, substituting for r in Eq. (4) gives
But, since all ∆x values were defined for the rest spring and are the same, they cancel out
Since, k = (n)(K) and m = M/n. Then,
Since n = L o /∆x, n can be substituted into the above equation, giving
Dividing by ∆x twice gives,
In the limit as ∆x goes to zero, the left side of the above equation becomes the second derivative of u with respect to x, giving
Then upon reordering,
The solution to this equation will give the position of a point on a rotating spring relative to its position when the spring is at rest. Two boundary conditions are needed to solve the equation. The position of the first mass will give the radius of the rotor. Also, the first derivative of u is set equal to zero at the end of the spring since the final mass is infinitesimal and should not cause any stretching of the spring. Using the standard tools for ordinary differential equations yields the following solution.
Since, r = u + (x + r o ), the stretched position of a point mass on the spring is,
The inner end of the spring is at the x = 0 position, and the solution gives the correct position the radius of the rotor.
The outer end of the spring is at the x = L o position, so the predicted stretch for the end of the spring is,
Finally, if the spring is not spinning, then α is equal to zero. However, naively putting α = 0 in the solution will give the wrong answer. One must take the limit as α goes to zero, then the outer position will give the rest length of the spring plus the rotor radius.
III. SIMULATION
The real spring will be deflected a small amount by a quadratic air resistance term. Also, once the spring is released, the motion will produce coupled sets of equations. For these reasons, the system was numerically simulated and results were compared with experimental data.
A. Initial Condition
The motion of a spring released from a rotating rotor was simulated using the equations found above. The program, Easy Java Simulations (EJS) 8,9,10 was employed to create the simulation. EJS is a Java-based application for numerical modeling using the Open Source Physics 11,12 library. A Runge-Kutta 4 algorithm was used to numerically solve the differential equations. EJS comes with a wide selection of numerical integration algorithms.
Runge-Kutta 4 was used in this simulation because it is a well known-algorithm sufficiently sophisticated to yield robust results, yet is among the first numerical integration techniques taught at the undergraduate, and even high-school, level.
Though the stretched length was solved for the continuous case, the simulation is for a discrete set of masses. However, the solution for the continuous case will give initial positions for the masses very close to where they should be. The system is then allowed to relax into its quasi-static state under the effects of gravity and air resistance. If the masses are started too far from their initial positions, the system will become to unstable and the simulation will fail.
The spring is simulated as 100 point masses connected by short massless springs. The initial position of each point mass must be correctly determined so that it satisfies the quasi-static initial condition. Fig. 4 shows the labeling of each mass. Each vector locates the mass in all three dimensions. The spring forces are summed with air resistance and gravity and set equal to the mass times acceleration as follows.
The position vector r i is the standard three dimensional Cartesian vector.
Air resistance A i is directed opposite the velocity vector for each mass. The best results are obtained by setting air resistance proportional to the square of the mass velocity.
The constant b is adjusted for each spring to give the best results for all angular velocities examined.
Before release, the system is in its quasi-static state. It is moving in uniform circular motion with each mass maintaining the same radial distance from the center. Each mass will have a radial position close to the position calculated for the continuous case. So, in the simulation, the spring will start out in a perfectly straight horizontal position with the radial position of each mass determined by the solution for the continuous case. The stretched radial position of mass i is initially given as i∆x
When the simulation starts, the spring will be pulled down by gravity and pushed back by air resistance. The system is allowed to evolve until all radial motion stops and all parts of the spring settles down into uniform circular motion. Resistive forces damp out transient motion. The first mass of the spring is attached to a central rotor which keeps the whole spring spinning at a set angular velocity, just like the experimental apparatus.
B. Air Resistance and Angular Deflection
As discussed above, the springs are observed to suffer a small amount of air resistance, causing the stretched spring to be deflected away from the angle of the rotor (see Fig 7(a) ).
The simulation includes air resistance through a weak quadratic resistive term.
The initial transient motion of the simulated spring can be made to die out more quickly by applying a strong resistive force in the radial direction and vertical direction. In the quasi-static state there is no radial or vertical motion so air resistance in these directions can be set artificially high. In a sense, the masses are moving through "syrup" in the radial and vertical direction, allowing them to relax to their final positions. The air resistance tangential to the circular path of motion is its lower value that reflects the real effect of air resistance. When the spring is released, the "syrup" like forces are removed and the spring moves under the influence of normal air resistance in all directions.
Once the transient oscillations die out, the spring returns to the quasi-static state but is no longer oriented radially outward from the center of the rotor. Fig. 5 shows the simulated spring with an angular deflection of about 9 degrees due to air resistance. 
C. Droop Angle
The spring forms a fairly straight line that is bent downwards from the horizontal. The is referred to as the droop angle. As expected, the droop angle becomes smaller at larger angular velocities.
D. True Rest Length
There is a small improvement in the simulation if a "True Rest Length" is introduced.
The PASCO spring has a measured hook-to-hook rest length of 10.4 cm. However, the spring is under compression when at rest. It "wants" to collapse to a smaller length but is prevented from doing so by the thickness of the spring's wire. The force in the spring is determined by how far the spring is displaced from its rest length, hence an estimate of the true rest length is needed. This corrected rest length was found by running the simulation for different rest lengths and checking against the results. For the PASCO spring a rest length of 8 cm gave the best results for the total spring extension while rotating.
E. Non-Linear Spring
The simulation method described above works well for a linear spring. That is a spring that reasonably obeys Hooke's Law for spring extensions seen in this experiment. The simulation for the PASCO spring works well treating the PASCO spring as linear. However, a Slinky behaves in a non-linear manner.
In our first version of the simulation, the simulated values and the data agreed for low angular velocities, but the Slinky extension failed at larger velocities. This was due to the Slinky's non-linear stretch at high angular velocities. The experimental Slinky was therefore tested to destruction. Fig. 6 shows a graph of force vs. stretch for the Slinky. When the non-linear stiffness of the Slinky is accounted for, the spring extension in the simulation agrees well with experimental data measured from video analysis. The Slinky force as a function of stretch was fitted with a third order polynomial. This fit was sufficient for the extension that the Slinky experiences in this experiment. The function is given as,
where x is the spring extension from rest in meters and F is in newtons.
For a linear spring, the simulation starts with the spring rotating with the correct extension, mass distribution and angular velocity needed when there is no air resistance. With air resistance, the system takes a few simulation seconds to adjust and settle down into a quasistatic state. In the non-linear case, the spring starts out extended further than it should be, so additional time is needed to let the Slinky slowly relax into the correct extension and drag angle. This usually takes about 15 seconds of simulation time.
IV. RESULTS Fig. 7 shows images of the collapsing spring at various times after it is released. After release, the outer end continues on its original circular path and the inner end folds over to form a V-shape similar to a chevron. As a wave propagates from the inner end to the outer end of the spring, the collapsed portion of the spring (including the inner end) and the stretched portion of the spring (including the outer end) continue to make a chevron shape.
As the wave propagates, the collapsed portion of the spring gets longer and the stretched portion of the spring gets shorter until the wave reaches the outer end and the spring is once again straight. Fig. 8 shows a similar set of frames from the simulation.
When the wave reaches the outer end of the spring, it reflects and propagates back toward the inner end. This causes the motion of the spring to repeat (again forming a chevron shape), and each end of the spring follows a semi circular path with a radius equal to the quasi-static radius followed by the outer end of the spring. This is shown in the strobographic photo in Fig. 9 . Fig. 10 Shows an example of the simulated semicircular motion from the simulation over a greater range. The long straight line is the center of mass motion after release. Once released, the system conserves angular momentum about its center of mass. As the wave propagates to the free end, angular momentum is being transfered to the released end.
Finally, the free end is pulled from its original circular path and the angular momentum is A cursory view of the figures supports our hypothesis that after release, the free end of the spring would continue in uniform circular motion as before, until such time as a wave
propagates from the inner end to the outer. From the data, we measured and graphed θ(t)
for the inner end and outer end of the spring before and after release for both the PASCO spring and Slinky, with the origin at the axle of the rotor. See Fig. 11 .
The slope of θ(t) for the outer end of the PASCO spring is the same before and after release and is the same as the slope of θ(t) for the inner end before release. After release, θ(t)
for the inner end is linear showing that its angular velocity is constant, but with a smaller value than before release. The difference in the θ-intercept for the inner end and outer end of the spring in Fig. 11 is due to the outer end lagging behind the inner end as the spring rotates. This lag is caused by air resistance and is what we call the drag angle. The drag angle is visually apparent in the video frame in Fig. 7(a) and in the simulation in Fig. 5 . Note the "chevron" in the spring in the third figure.
The graph of θ(t) for the Slinky differs qualitatively from the PASCO spring when the inner end is released. Whereas the inner end of the PASCO spring experiences an abrupt change in ω(t) when it is released, the inner end of the Slinky experiences an angular acceleration during a longer time interval after it is released. Thus, the jerk on the inner end of the PASCO spring is much larger (due to the smaller time interval) than the jerk on the Slinky.
A. Measurable Quantities
The quantities used to describe the motion of the spring fall into three categories: (1) the "Static" variables used as input parameters to the simulation; (2) the "Quasi-static"
variables that describe the initial state of the spring on the rotating rotor; and (3) the "Dynamic" variables for the collapsing spring after it is released from the rotating rotor. 
Static Variables
These are variables related to the spring and the system at rest.
• Spring Mass
• Spring Constant
• Rotor Radius • Spring Rest Length
Quasi-static Variables
These are measurements of the rotating spring before it is released.
• Spring Extension
• Drag Angle
The spring extension is the total length of the rotating spring before it is released. Air resistance causes the spring to lag behind the straight line defined by the radius of the rotor.
The angle between the spring and the rotor is the drag angle. As the spring rotates, gravity pulls it down at an angle from the horizontal plane. This is called the droop angle.
Dynamic Variables
These are measurements of the system after the spring is released, while it is collapsing.
There are many variables that can be measured, but the following two variables seem to be the most useful.
• Bend Angle
• Collapse Time
The bend angle is the angle formed by the chevron. The collapse time is the time interval for the wave to travel from the inner end of the spring to the outer end of the spring.
B. Measured Data, Simulated Values, and Graphs
To test the veracity of the theoretical description of the quasi-static and dynamic state of the spring, the dependence of the quasi-static and dynamic variables on the angular velocity of the rotor were measured for two different springs: a standard PASCO spring and a thin Slinky. The Slinky is a spring that stretches under its own weight, whereas the PASCO spring needs an extra external force to make it stretch. Five plots of interest are 
PASCO Spring Data
Measurements of the static variables for the PASCO spring at rest are listed in Table   I . The true rest length is the rest length of the spring used in the simulation to give best results.
Simulated PASCO Spring Values
The simulation was run for the PASCO spring for the same angular velocities measured with video analysis. Values determined from the simulation are available on ComPADRE 14 . Data from video analysis and values from the simulation for dynamic variables are plotted in the two graphs shown in Fig. 13 . The simulation shows broad agreement with the experimental data for all dynamic variables.
Slinky Data
Measurements of the static variables for the Slinky at rest are listed in Table II . Data from video analysis and values from the simulation are plotted in the two graphs shown in Fig. 15 for the dynamic variables.
Collapse Time
For a nonrotating spring under tension, the time for a wave to propagate down its length is independent of its stretch. Conceptually, the propagation time is longer for longer distances, but the propagation speed is likewise larger due to the greater tension required to stretch 
where T is tension, M the spring's mass and L its length, Hooke's law is substituted for the tension. Assuming the unstretched length of the spring is small compared to the stretched length, the time for a wave to propagate down the spring is,
In the approximation, the time of collapse is independent of its length. In the rotating-spring situation described here, the tension varies along the length of the spring (maximum at the inner end, minimum at the free outer end) but the argument still holds in a piecewise and therefore global fashion down the length of a spring with varying tension. This is borne out by comparing M k for the PASCO spring and the mini-Slinky (0.053 and 0.27 sec, respectively with the collapse times displayed in Fig. 15 and Fig. 13 .
V. CONCLUSION
It has been demonstrated that when a vertical, hanging spring is released from rest, the bottom of the spring remains in equilibrium until a wave from the top end reaches the bottom.
In this experiment, this property has been generalized to the case of a rotating spring.
When rotating about a circle, the outer end of the spring continues on its circular path until a wave from the inner end reaches the outer end.
Our computational model does a reasonable job of reproducing the data. Both the simulation and data show that upon release, there is an initial jerk on the inner end of the spring, but eventually the inner end will travel along a circle of constant radius and constant angular velocity as the spring is collapsing. In addition, the simulation and data agree that (1) the spring extension and drag angle increase with the angular velocity of the rotor; (2) the droop angle decreases with angular velocity of the rotor; (3) the collapse time and bend angle of the collapsing spring are independent of the angular velocity.
We feel this phenomenon serves as an easily-understood exemplar and introduction to the concept of locality. The original statement of locality is attributed to Issac Newton 13 "Tis unconceivable that inanimate brute matter should (without the mediation of something else which is not material) operate upon & affect other matter without mutual contact." All forces are now described in terms of fields that preserve locality. From Einstein's space time field that allows for gravity waves to the quanta of force mediating fields. Classroom discussions of these topics, and even more esoteric topics such as quantum entanglement, may be more meaningful following an introduction to the concept of locality using the straightforward example of springs in circular motion presented here. 
